Let E/Q be an elliptic curve of conductor N = p 2 M where p is an odd prime not dividing M . Let O f be the order of conductor f (prime to N ) in an imaginary quadratic field K in which p is inert and such that the sign of the functional equation of E/K is −1. Associated to these data there is a Shimura curve of non-split Cartan level at p and a CM point of conductor f on it. We can also consider a CM point of conductor pf on another Shimura curve, using a split Cartan level at p. These curves admit modular parametrizations to E and taking the images of the CM points we obtain points on E defined over H f and H pf respectively (the ring class fields of conductor f and pf ). We prove that these points arising from different Shimura curves satisfy a trace compatibility that is non-trivial if and only if the local sign of E/Q at p is +1.
Introduction
Let E/Q be an elliptic curve of conductor p 2 . Since E is modular, there exists a modular parametrization from the classical modular curve X 0 (p 2 ) to E. Let K be an imaginary quadratic field and and let O K be its ring of integers. If the prime p is split, the classical theory of Heegner points [Gro84] supplies a point in X 0 (p 2 ) such that its image under the modular parametrization is P 1 ∈ E(H), where H is the maximal unramified abelian extension of K. Consider P K := Tr H K P 1 ∈ E(K). The celebrated Gross-Zagier formula [GZ86] shows that this point is non-torsion precisely when L ′ (E/K, 1) = 0. When p is inert in K we do not have Heegner points in the modular curve X 0 (p 2 ), however, the non-split Cartan curve X ns (p) hosts Heegner points and uniformizes E. This, together with a generalization of the Gross-Zagier formula, was carried out by Zhang [Zha01] .
In spite of X 0 (p 2 ) not possessing Heegner points of conductor 1 whenever p is inert, it does have points of conductor p defined over H p , the ring class field associated to the order of conductor p inside O K . Take any such point P p ∈ E(H p ). One question arises naturally: isP 1 := Tr involution of E at p. Although the reader should have in mind this special case when reading the paper, we have proved the results in a greater degree of generality, working with elliptic curves of conductor divisible by p 2 and Shimura curves associated to suitable indefinite quaternion algebras.
The theme of Heegner and CM points constructions for more general orders (including non-split Cartan orders) was also studied in [CCL18] , [KP16] , [KP18] and [LRdVP18] . An immediate application of the present article is that if w p (E) = +1 we can explicitly compute Heegner points much more efficiently than [KP16] , as we can avoid working with non-split Cartan curves.
One of the main features of Heegner points (or CM points in general) is that they come in families satisfying trace compatibilities (see for example [ . These compatibilities are a crucial tool in order to bound Selmer groups and construct p-adic L-functions.
Cornut and Vatsal introduced the notion of good CM points which are essentially the CM points that satisfy such compatibility relations. Our CM points of conductor p are not good (they are of type III in the sense [CV07, Section 6.4]), thus the main interest of this paper is that it provides an (unexpected!) trace relation of CM points living in two distinct Shimura curves. A parallel of this situation is the work of Bertolini and Darmon [BD96] that relies in understanding the relation between CM points in distinct modular curves. Their situation is deeper and more delicate since there is a sign change phenomenon and they have to study CM points living in Shimura curves with different ramification sets.
The modular curve X 0 (p 2 ) is isomorphic to X s (p), the modular curve associated to a split Cartan group modulo p. The new part of its Jacobian is isogenous over Q (in a manner compatible with the Hecke operators) to the Jacobian of the curve X ns (p), providing a modular parametrization from X ns (p) to E. This was first proved by Chen [Che98] comparing the traces of the Hecke operators for these curves. Afterwards, de Smit and Edixhoven [dSE00] gave another (more geometric) argument using the representation theory of GL 2 (F p ). The result was later reproved in the aforementioned paper of Zhang resorting to the theory of automorphic representations.
If w p (E) = −1 the proof that the trace of the point of conductor p is 0 (Proposition 3.1) follows easily by studying the interplay between the Galois action and the Atkin-Lehner involution.
Suppose now that w p (E) = +1. In that case, we can work with the normalizers of the Cartan groups (both split and non-split), obtaining the isogenous Jacobians J ns+ (p) and J new s+ (p). Chen [Che00] was able to provide an explicit isogeny between these two Jacobians (the other proofs mentioned where non-constructive). The isogeny is given in very simple terms as a double coset operator, that can be thought as a trace between the modular curves. The isogeny was reinterpreted using a nice combinatorial description of the moduli interpretation of the non-split Cartan curve by Rebolledo and Wuthrich [RW18] . In the recent paper [CSS18] Chen and Salari Sharif also gave a simpler proof and even showed an explicit isogeny between J new s (p) and J ns (p) (unluckily, the explicit isogeny is less nice, as it is given by a linear combination of several double coset operators).
The results of this paper boil down to prove that, when w p (E) = +1, the double coset operator giving Chen's isogeny applied to the CM point on the non-split Cartan curve essentially gives the trace of the CM point of conductor p in the split Cartan curve (Proposition 3.2). In addition, we prove that the isogeny is equivariant for the Hecke operators 4.1. Combining these results we prove thatP 1 is non-torsion if L ′ (E/K, 1) = 0 (Theorem 4.3).
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Setting and notation
We fix the following hypotheses and notation throughout the article:
• Let E be a rational elliptic curve of conductor N = p 2 M, where p is an odd prime relatively prime to M. • Let K be an imaginary quadratic field such that:
(1) The sign ǫ(E/K) of the functional equation of E/K is equal to −1.
(2) The prime p is inert in K.
(3) We make the non-essential hypothesis that if q is prime and q 2 | N, then q is unramified in K. • Let f be a positive integer relatively prime to N and let O f = Z + ω f Z be the unique order of conductor f inside O K , the ring of integers of K. Let O pf = Z + pω f Z be the order of conductor pf . • Let ε be a non-square modulo p.
• We define the non-split Cartan order as
We also define the normalizer as
• We define the split Cartan order as
We also define the normalizer
• For ? ∈ {ns, ns+, s, s+} we denote the corresponding Cartan group
where M denotes the reduction modulo p of M.
• Given a quaternion algebra B (respectively an order R ⊂ B) we denote by B 1 (resp. R 1 ) the elements of B (resp. R) of reduced norm 1.
Optimal embeddings of Cartan orders
The goal of this section is, given our setting, to construct an embedding of K into a suitable quaternion algebra B, Cartan orders R ns (resp. R s ) of discriminant N inside B such that (R ns ) p = M ns (resp. (R s ) p = M s ) and such that O f (resp. O pf ) embeds optimally into R ns (resp. R s ).
The sign ǫ(E/K) decomposes as the product of local signs ǫ v (E/K) ∈ ±1. Let η be the character associated to K via class field theory. For each place v let ǫ(B v ) be the unique sign such that
Let S be the set of places such that ǫ(B v ) = −1. Since ǫ(E/K) = −1, S has odd cardinality. Moreover, since K is imaginary, ∞ ∈ S [Gro88, Proposition 6.5] and p / ∈ S because p 2 divides N exactly [Ibid. Proposition 6.3 (2)]. Let B/Q be the unique quaternion algebra with ramification set S−{∞}. If v splits in K we have that ǫ(B v ) = 1 [Ibid. Proposition 6.3 (1)], therefore, there exists an embedding ι : K → B [Vig80, Theorem 3.8]. Furthermore, using the theory of optimal embeddings we can find an order R ⊂ B of discriminant M such that ι(K) ∩ R = ι(O f ). In fact, this follows from [Gro88, Propositions 3.2, 3.4] (see also [CST14, Section 3] for a more general statement).
Since R has level relatively prime to p and B is split at p the local order R p is isomorphic to M 2 (Z p ), and to ease notation, we will assume that R p is indeed M 2 (Z p ). Consider the minimal polynomial m ω f = X 2 − tX + n. Then,
where the characteristic polynomial of A is equal to m ω f . Since p is inert in K, m ω f is irreducible in F p [X] and A is conjugated (in GL 2 (F p )) to the matrix ( 0 1 ε 0 ). In addition, since det : C ns → F × p is surjective, they are conjugated by a matrix γ ∈ Sl 2 (F p ). As a consequence of strong approximation, the map R 1 → (R p /pR p ) 1 ≃ SL 2 (F p ) is surjective [Voi18, Corollary 28.4.11], and we take a lifting γ ∈ R 1 of γ. We conjugate ι by γ and we obtain a new embedding (which we fix throughout the rest of the text and still denote by ι).
For ? ∈ {ns, ns+, s, s+} we define R ? := {x ∈ R : x p ∈ M ? }. The orders R ns and R s are both of discriminant N = p 2 M. We have the following proposition.
Proposition 1.1.
(1) The order O f embeds optimally into R ns , that is,
(2) The order O pf embeds optimally into R s , that is,
Proof. The first statement is clear from the construction. For the second one, note that we only changed the order at p, so we just need to check locally at p. Let
For the other inclusion, note that since p is inert in K we must have that p does not divide b 0 c 0 . Consequently, if we take an element (ι(x 1 + x 2 pw f )) p ∈ (R s ) p with x 1 , x 2 ∈ Q p , looking at the (2, 1) entry we obtain x 2 ∈ Z p and looking at the (1, 1)-entry we get x 1 ∈ Z p , as we wanted.
Shimura curves and parametrizations
For ? ∈ {ns, ns+, s, s+} consider the Shimura curve
where B × acts on C − R by conjugation and by left multiplication on B × and R ? × acts trivially on C − R and by right multiplication on B × . We consider its compactification, given by 
where the action of GL 2 (Q) on P 1 (Q) is given by Möbius transformations.
Since B is an indefinite quaternion algebra, strong approximation [Vig80, Theorem 4.3] yields that B 1 \ B 1 / R 1 ? is trivial. In addition, since every prime q such that q 2 | N is unramified in K, it is easy to see that B × \ B × / R ? × ≃ Z × /det( R ? × ) also consists of a single point. Accordingly, if we define Γ ? := R ? ∩ B 1 we obtain the following classical description of the Shimura curves as quotients
where H * denotes the union of the upper half plane and the cusps. Let J ? be the Jacobian variety of X ? . We can embed X ? → i ? J ? using the so-called Hodge class [Zha01, Section 6.2],[YZZ13, Section 3.1.3], that is, the unique class ξ ? ∈ P ic(X ? ) ⊗ Q of degree 1 such that T ℓ ξ ? = (ℓ + 1)ξ ? for every prime number ℓ not dividing N. In the case B = M 2 (Q) the Hodge class is a linear combination of cusps. The embedding i ? is given by sending a point P to the class of P − ξ ? .
Let π E,? = Hom 0 ξ ? (X ? , E), that is, the morphisms in Hom(X ? , E) ⊗ Z Q sending a divisor representing ξ ? to zero. Thus, π E,? = Hom(J ? , E) ⊗ Z Q.
By [Zha01, Theorem 1.3.1] (see also [GP91, Proposition 2.6] and [CST14, Propositions 3.7,3.8]) the spaces π E,ns and π E,s are 1-dimensional and we choose non-zero elements Φ ns ∈ π E,ns and Φ s ∈ π E,s . These elements correspond to automorphic forms f ns and f s of level R ns and R s respectively, with the same eigenvalues as f E for the good (i.e. not dividing N) Hecke operators and the local Atkin-Lehner involutions. The element Φ E,s factors through J p−new s , since the corresponding form is new at p. If w p (E) = +1 we have the induced non-zero elements Φ ns+ ∈ π E,ns+ and Φ s+ ∈ π E,s+ .
Explicit Galois action and CM points
The embedding ι gives rise to an action of K × /K × ≃ Gal(K ab /K) on the curves X ? by the formula
Let z 0 be the unique fixed point in H of ι ∞ (ω f ) ∈ GL 2 (R) under the action given by Möbius transformations. Proposition 1.1 tells us that the point Q f := [z 0 , 1] ∈ X ns (H f ) (resp. Q pf := [z 0 , 1] ∈ X s (H pf )) where H f (resp. H pf ) denotes the ring class field of conductor f (resp. pf ) characterized by the fact that Gal(H f /K) (resp. Gal(H pf /K)) is identified with
The main task of this section is to understand the action Gal(H pf /H f ) on Q pf . Note that
by looking at the p-th component. Reducing modulo p we further obtain
. More explicitly, this last isomorphism is given by sending the class of x 1 + x 2 ω f (with x i ∈ Z p ) to the element [x 1 : x 2 ] ∈ P 1 (F p ). The element [1 : 0] is the identity and multiplication on P 1 (F p ) is given by the rule
where, as before,
The only element of order 2 in P 1 (F p ) is [−a 0 : 1], and in that case the 
The elementι(b 0 ) belongs to R s+ × \ R s × and it can be written as a product ( 0 1 −1 0 ) (p) ·r s , wherer s ∈ R s × . Therefore we get, in X s ,
As w p (E) = −1,
and the result follows.
In view of the above proposition, from now on we will study the case where w p (E) = 1. Consider the double coset operator Γ s+ · 1 · Γ ns+ . It gives rise to a correspondence between the Shimura curves X ns+ and X s+ . The following is the heart of this article.
Proposition 3.2. The following identity holds on Div(X s+ ):
Proof. Take a set of representatives {b i } of Gal(H pf /H f ) in O f × . The element r i := ι(b i ) belongs to R ns × . We want to write r i as a product γ i r i where r i ∈ R s+ × and γ i ∈ Γ ns+ . In order to do that, we need to modify the component at p. Suppose that (r i ) p has determinant d ∈ Z p × .
. By strong approximation, we take a lifting of this element to an element γ i ∈ R 1 . Clearly,
is a decomposition with the desired properties.
∈ SL 2 (F p ) and we do the same as the previous case. It is worth noticing that this case shows the necessity of working with the normalizers, in concordance with Proposition 3.1. By construction we get
, which corresponds to the point γ i −1 · z 0 in the upper half plane of the model Γ s+ \H * = X s+ .
Note that the correspondence Γ s+ · 1 · Γ ns+ is of degree [Γ ns+ : Γ ns+ ∩ Γ s+ ] = [C ns+ : C ns+ ∩ C s+ ] = 2(p + 1) 4 = (p + 1) 2 .
As we vary over all p + 1 elements of Gal(H pf /H f ) we obtain the corresponding coset Γ s+ γ i −1 ⊂ Γ s+ · 1 · Γ ns+ . The cosets Γ s+ γ i −1 and Γ s+ γ j −1 are equal if and only if γ i −1 γ j ∈ Γ s+ . By the definition of γ i and γ j we obtain r i −1 r j = r i −1 γ i −1 γ j r j .
Since r i , r j ∈ R s+ × we know that
As we observed before Proposition 3.1,
Thus, as we vary i, we run through every element of (Γ s+ · 1 · Γ ns+ )Q f exactly twice, as we wanted to prove.
1-dimensional space π E,ns+ = Hom(J ns+ , E) ⊗ Z Q and Φ ns+ is non-zero since since it the composition of the non-trivial Φ s+ and the isogeny 2(Γ s+ · 1 · Γ ns+ ). 
